Introduction
In this article, we develop some ideas of a deformation theory for germs of free and linear free divisors. Free divisors were introduced by K. Saito in [14] and linear free divisors by R.-O. Buchweitz and D. Mond in [2] . Free divisors are quite fundamental in singularity theory, for example, the discriminants of the versal unfoldings of isolated hypersurfaces and complete intersection singularities are always free divisors.
A reduced divisor D = V (f ) ⊂ C n is free if the sheaf Der(− log D) := {δ ∈ Der C n | δ(f ) ∈ (f )O C n } of logarithmic vector fields is a locally free O C n -module, where Der C n denote the space of vector fields on C n . It is linear if, furthermore, Der(− log D) is globally generated by a basis consisting of vector fields all of whose coefficients, with respect to the standard basis ∂/∂x 1 , . . . , ∂/∂x n of the space Der C n , are linear functions. The simplest Keywords: Free divisor, linear free divisor, non-isolated singularity, deformation theory, logarithmic de Rham cohomology. Math. classification: 14B07, 13D10, 14F40.
example is the normal crossing divisor, but the main source of examples, motivating Saito's definition, has been deformation theory, where discriminants and bifurcation sets are frequently free divisors.
These objects have been studied for the past 30 years but there is still a lot to learn and discover about them. One interesting fact is that there are no examples of linear free divisors in non-trivial family. One possible approach is to deform this object in such way that each fiber of the deformation is a (linear) free divisor and that the singular locus is deformed flatly. However, not much is known on the behavior of (linear) free divisors under these kind of deformations.
The aim of this article is to describe the spaces of infinitesimal deformations and obstructions of a germ of a (linear) free divisor and to perform calculations for some concrete examples. It turns out that the property of being a free divisor for a hypersurface D has a strong influence on its deformations, in fact all free divisors D ⊂ C n , with n 3, are non-isolated singularities and so their space of first order infinitesimal deformations is infinite dimensional, but in what follows we will show examples of free divisors which have a finite dimensional versal deformation space as free divisors.
We now give an overview on the paper. The first part recalls the notions of free and linear free divisors, and describes some of their properties. In the second, we define the notion of (linearly) admissible deformations for a germ of a (linear) free divisor and we introduce a complex similar to the de Rham complex whose cohomology calculates deformations spaces. In this section we also prove our main result:
Theorem A. -All germs of reductive linear free divisors are formally rigid.
This theory owes a lot to the theory of deformations of Lagrangian singularities as developed in [17] , [16] and [18] .
The material in this article is part of the author Ph.D. thesis [19] .
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Basic notions
Fix coordinates x 1 , . . . , x n on C n . There is a nice criterion to understand easily if a divisor is free or not: Proposition 2.8 (Saito's criterion, [14] , Theorem 1.8).
i) The hypersurface D ⊂ C n is a free divisor in the neighbourhood of a point p if and only if
n Ω 
. . , n, be a system of holomorphic vector fields at p such that
. . , δ n belong to Der p (− log D), and hence {δ 1 , . . . , δ n } is a free basis of Der p (− log D).
There is also an algebraic version of Saito's criterion that does not refer to vector fields directly but characterizes the Taylor series of the function f defining a free divisor:
] defines a free divisor, if it is reduced, i.e. squarefree, and there is an n × n matrix A with entries from R such that
where ∇f = (∂f /∂x 1 , . . . , ∂f /∂x n ) is the gradient of f , and the last condition just expresses that each entry of the vector (∇f )A is divisible by f in R. The columns of A can then be viewed as the coefficients of a basis, with respect to the derivations ∂/∂x i , of the logarithmic vector fields along the divisor f = 0.
is a linear free divisor; Der(− log D) has basis x 1 ∂/∂x 1 , . . . , x n ∂/∂x n . Up to isomorphism it is the only example among hyperplane arrangements, see [12] , Chapter 4.
there is a n × n matrix A with entries in C, such that δ = xA∂ t , where
Remark 2.14.
n be a linear free divisor. Define the subgroup
From §2 of [6] , we can deduce the following: i) The normal crossing divisor of Example 2.12 is a reductive linear free divisor because g D = C n . TOME 63 (2013), FASCICULE 6 ii) Consider the divisor D = V ((y 2 + xz)z) ⊂ C 3 . This is a linear free divisor because we can take the matrix Definition 2.21. -Let S be a complex space. Then Der C n ×S/S is the set of vector fields on C n × S without components in the S direction. It is a submodule of Der C n ×S .
Definition 2.22. -Let S be a complex space and let
Remark 2.23. -Der C n ×S/S and Der(− log D/S) are both coherent sheaves of O C n ×S -modules.
Deformation theory for free divisors
The aim of this section is to introduce the notion of (linearly) admissible deformation for germs of (linear) free divisors and then study infinitesimal ones in order to prove that reductive linear free divisors are formally rigid.
Admissible and linearly admissible deformations
be a germ of a free divisor and let (S, s) be a complex space germ. An admissible deformation of (D, 0) over (S, s) consists of a flat morphism φ : (X, x) → (S, s) of complex space germs, where (X, x) ⊂ (C n × S, (0, s)), together with an isomorphism from (D, 0) to the central fibre of φ,
where m S,s is the maximal ideal of O S,s . Moreover, if (D, 0) is linear, we define a linearly admissible deformation of (D, 0) over (S, s) as an admissible deformation of (D, 0) over (S, s) such that there exists a basis of Der(− log X/S) as O C n ×S,(0,s) -module consisting of vector fields all of whose coefficients are linear in x 1 , . . . , x n . Definition 3.2. -In Definition 3.1, (X, x) is called the total space, (S, s) the base space and (X s , x) ∼ = (D, 0) the special fibre of the (linearly) admissible deformation.
We can write a (linearly) admissible deformation as a commutative diagram
where i is a closed embedding mapping (D, 0) isomorphically onto (X s , x). We will denote a (linearly) admissible deformation by 
-Two (linearly) admissible deformations over the same base space S are isomorphic if there exists a morphism (τ, σ) with τ an isomorphism and σ the identity map.
We denote by Art the category of local Artin rings with residue field k and by Set the category of pointed sets with distinguished element * . Proof. -Let A → A and A → A be maps in Art such that the latter is a small extension, see Definition 1.2 from [15] . The previous proof works similarly also for the functor LFD D .
be a germ of a free divisor. Then in any admissible deformation the singular locus of (D, 0) is deformed in a flat way.
Proof. -Let f ∈ O C n ,0 be a defining equation for (D, 0) and let φ : (X, x) → (S, s) be a admissible deformation of (D, 0). and this is equivalent to the deformation of the singular locus of (D, 0) being flat. See [9] , Chapter I, Proposition 1.91. 
But as explained in Proposition 3.7, we can identify Der(− log X/S) with the syzygy module of (F, ∂F/∂x 1 , . . . , ∂F/∂x n ), and hence, it is locally free of rank n.
Remark 3.9. -In our theory, we require more than only that each fiber is a free divisor. In fact, let (D, 0) ⊂ (C n , 0) be a singular free divisor with a quasi-homogeneous equation f . Then we can consider (X, 0) = (V (f − t), 0) ⊂ (C n × C, 0) and φ the projection on (C, 0). In this case each fiber is a free divisor but this is not an admissible deformation of (D, 0).
Proof. -Because f is quasi-homogeneous, we can take χ, σ 1 , . . . , σ n−1 as a basis of Der(− log D),
Notice that because (X, 0) is non-singular, it is a free divisor in (C n × C, 0) and so we can take as Saito matrix for (X, 0), the matrix FASCICULE 6 Let λ i be the vector field represented by the i-th column of A. Consider now the vector fields σ * i = σ i seen as a vector field in C n × C and
. . , τ n ⊂ Der(− log X/C). However, because σ 1 , . . . , σ n−1 are the generators of Ann(f ) := {δ ∈ Der(− log D) | δ(f ) = 0}, then any element of Der(− log X/C) that is a linear combination of λ 1 , . . . , λ n is a linear combinations of σ * 1 , . . . , σ * n−1 . Consider now an element of Der(− log X/C) that can be written as a linear combination of the λ i involving λ n+1 . Because it is independent of ∂/∂t, then the coefficient of λ n+1 is forced to be in the Jacobian ideal of f . Because t appear only in λ n+1 , this implies that, modulo the σ * i , it is a linear combination of
. . , n and so each τ i has weight bigger than zero, i.e. deg(∂f /∂x i α j x j )− deg(x j )>0. This tells us that the Euler vector field χ / ∈ Der(− log X/C)/m C,0 Der(− log X/C) because χ has weight zero and is not a linear combination of σ 1 , . . . , σ n−1 .
Remark 3.10. -If f is non-singular, then the deformation defined in the previous Remark is an admissible deformation.
Proof. -We can suppose f = x 1 and we can take as Saito matrix
By a similar argument as the proof of the previous Remark, Der(− log X/C) is generated by the columns of the matrix 
and hence the requirement (3.1) of the Definition 3.1 is fulfilled.
Then it is a trivial (linearly) admissible deformation if and only if it is trivial as deformation of (D, 0) as complex space germ.
Definition 3.12. -The complex space T consists of one point with local ring
, where t is an indeterminate. Thus T = Spec(C[t]/(t 2 )).
Proposition 3.15 ([9] , Chapter II, Proposition 1.5).
-Consider a commutative diagram of complex space germs
where the horizontal maps are closed embeddings. Assume that f 0 factors as
with i 0 a closed embedding and p 0 the second projection. Then there exists a commutative diagram
with i a closed embedding and p the second projection. That is, the embedding of f 0 over (S 0 , s) extends to an embedding of f over (S, s).
, for some unfolding F of f with φ just the projection on (S, s).
, where φ is just the projection on T .
By Remark 3.11 and Chapter II, 1.4 from [9] , we have the following:
which is the identity modulo and which is compatible with the inclusion
where x = (x 1 , . . . , x n ) and σ = n j=1 σ j ∂/∂x j . We now prove a relative Saito's Lemma in order to be able to characterise an (linearly) admissible deformation by logarithmic vector fields.
Lemma 3.19. -Let (S, s) be a complex space germ with an embedding (S, s) ⊂ (C r , 0) and let t = (t 1 , . . . , t r ) be coordinates on the ambient space
Proof. -Suppose that det(a j i ) does not vanish at p, hence it does not vanish in a small neighbourhood U of p. This implies that δ 1 , . . . , δ n are linearly independent in U . Consider now the fibre X t0 . We have that δ i = n j=1 a j i (x, t 0 )∂/∂x j ∈ Der(− log X t0 ) and are linearly independent, but this implies that X t0 is n-dimensional, contradicting the fact that (X, x) is a flat (linearly) admissible deformation of (D, 0), that is (n−1)-dimensional.
Proposition 3.20. -Let (S, s) be a complex space germ with an embedding (S, s) ⊂ (C r , 0) and let t = (t 1 , . . . , t r ) be coordinates on the ambient space (C r , 0).
Proof. -By Proposition 3.8, Der p (− log X/S) is a free O C n ×S,p -module of rank n. Since Der(− log X/S) is coherent, there exists a neighbourhood U of p such that Der(− log X/S)| U is free. Let δ 1 , . . . , δ n be a basis of Der(− log X/S)| U with
where g is a holomorphic function on U . Since ∂/∂x 1 , . . . , ∂/∂x n is a basis for p ∈ U \X, then g does not vanish on U \X. At a smooth point p ∈ X, we can suppose X = V (x 1 ) and hence, we may choose as a basis of Der(− log X/S) on X reg ∩ U the vector fields x 1 ∂/∂x 1 , . . . , ∂/∂x n . Thus g does not vanish anywhere on U \(U ∩X sing ), but because codim U (U ∩ X sing ) > 1, then g does not vanish anywhere on U and so it is a unit.
Lemma 3.21. -Let R be a commutative ring, A and B be two n × n matrices and a 1 , . . . , a n be the columns of A.
Proof. -It is know that if we consider a n × n matrix C with columns c 1 , . . . , c n , then
where d is the tangent map. Then we have the following equalities
Lemma 3.22. -Let (S, s) be a complex space germ with an embedding (S, s) ⊂ (C r , 0) and let t = (t 1 , . . . , t r ) be coordinates on the ambient space (C r , 0).
. . , δ n belongs to Der (x0,s) (− log X/S), {δ 1 , . . . , δ n } is a free basis of Der (x0,s) (− log X/S) and X is a (linearly) admissible deformation of (D, 0) over (S, s).
Proof. -First of all we need to show that each δ k ∈ Der (x0,s) (− log X/S). We have the following equalities 
Notice now that by 1 and 3, h| C n ,x0 = f . Moreover, by 1
f and so σ| C n ,x0 ∈ Der x0 (− log D), but this is a contradiction. Hence Der x0 (− log D) = Der (x0,s) (− log X/S)/m S,s Der (x0,s) (− log X/S) and so X is a (linearly) admissible deformation of (D, 0) over (S, s).
Consider σ∈ Der (x0,s) (− log X/S). Then we want to prove that σ∈
Thus
Notice that if we consider S to be a reduced point, then the previous Lemma is the same statement of Lemma 2.10.
We can now state and prove the main result of the section: Proof. -Let (X, x) ⊂ (C n × T , 0) be an infinitesimal (linearly) admissible deformation of (D, 0). By Remark 3.17, it is of the form (X, 0) = (V (f + · f ), 0) ⊂ (C n × T , 0). By Proposition 3.20, the fact that (X, 0) is the total space of an infinitesimal (linearly) admissible deformation of (D, 0) implies that there exists an n × n matrix A( ) with coefficients in
2 ) such that det A( ) = (f + · f ). But 2 = 0 implies that we can write A( ) = B + · C, where B and C are n × n matrices with coefficients in C[x 1 , . . . , x n ]. Hence f = det A(0) = det B and so B is a Saito matrix for (D, 0). We can then take δ i as the columns of B andδ i as the columns of C and this proves that the Lie algebra Der(− log X/T ) is generated by δ 1 + ·δ 1 , . . . , δ n + ·δ n as required. Because Der(− log X/T ) is a Lie algebra, then
We now consider the classes ofδ 1 , . . . ,δ n modulo Der(− log D), because ifδ 1 , . . . ,δ n ∈ Der(− log D), then f ∈ (f )O C n ,0 and hence, by [9] , Chapter II, 1.4, the deformation is trivial.
On the other hand, letδ 1 , . . . ,δ n ∈ Der C n / Der(− log D) be n classes of vector fields such that the O C n ×T ,0 -module generated by δ 1 + ·δ 1 , . . . , δ n + ·δ n is closed under Lie brackets. The determinant of the matrix of coefficients [δ 1 + ·δ 1 , . . . , δ n + ·δ n ] is equal to f + · f and so by Lemma 3.22 it is enough to show that this determinant is reduced. First, noticed that for = 0 the determinant is equal to f and hence is reduced. Now, reducedness is an open property and so the result holds.
The last part of the statement is trivial.
The complexes C
• and C
• 0
We recall here the notion of the complex of Lie algebroid cohomology in the case of Der(− log D), see [13] for the general theory.
Definition 3.24. -Let C
• be the complex with modules
and differentials
It is a straightforward computation to check that
and the map d 0 is defined by
We recall now the definition of the complex of Lie algebra cohomology from [11] . 
where (Der C n/Der(− log D)) 0 is the weight zero part of Der C n/Der(− log D).
) is a well defined complex because it has the same differentials as the complex (C • , d
• ) and because Der(− log D) 0 is a Lie subalgebra of Der(− log D).
Infinitesimal admissible deformations
Theorem 3.27. -Let (D, 0) ⊂ (C n , 0) be a germ of a free divisor. Then the germ at the origin of the first cohomology sheaf of the complex
Proof. -To prove that we can identify
things have to be checked: we must first identify the elements of ker(d 1 :
with admissible deformations of (D, 0). Then, we have to show that the image of d 0 : C 0 → C 1 is the collection of trivial admissible deformations of (D, 0). By Proposition 3.23, we are looking for n classes of vector fieldsδ 1 , . . . , δ n ∈ Der C n / Der(− log D) such that the O C n ×T ,0 -module generated by the elements δ 1 + ·δ 1 , . . . , δ n + ·δ n is closed under Lie brackets.
Take an element ψ ∈ ker(d 1 ), which means that
for all δ, ν ∈ Der(− log D). Then ψ corresponds to the admissible deformation given by the O C n ×T ,0 -module L generated by
By C-linearity of the Lie brackets, L is closed under Lie brackets if and only if for any two elements δ
TOME 63 (2013), FASCICULE 6 This means exactly that ψ ∈ ker(d 1 ). Let us consider now an infinitesimal admissible deformation (X, 0) = (V (f + ·f ), 0). Then by the previous part of the proof, Der(− log X/T ) = δ 1 + · ψ(δ 1 ), . . . , δ n + · ψ(δ n ) for some ψ ∈ ker(d 1 ). By Remark 3.18, f + · f is trivial if and only if (ϕ * f ) = (f (x + · σ(x))) = (f + · f ), for some ϕ ∈ Aut(C n × T ). In this situation, the module of vector fields generated by ϕ * (Der(− log D)) is equal to Der(− log X/T ), i.e.
Because we can consider each vector field on C n also as a map from C n into itself, we have the following equalities
and that tells us that ψ(
Lemma 3.28. -Let D ⊂ C n be a free divisor. Then Der(− log D) is a self-normalising Lie subalgebra of Der C n . That is, if we consider χ ∈ Der C n such that [χ, δ] ∈ Der(− log D) for all δ ∈ Der(− log D), then χ ∈ Der(− log D).
Proof. -By the definition of Der(− log D), it is enough to show that if we consider p ∈ D a smooth point, then χ(p) ∈ T p D. Without loss of generality, we can suppose that at p the divisor D is defined by the equation
In this way, we have reduced the problem to proving that a 1 
Hence, (a 1 − x 1 ∂a 1 /∂x 1 ) ∈ (x 1 )O C n ,p and so a 1 ∈ (x 1 )O C n ,p as required.
In a similar way we can prove the following:
n be a linear free divisor. Then Der(− log D) 0 is a self-normalising Lie subalgebra of (Der C n ) 0 . Proof. -We can suppose f = x 1 and we can take as Saito matrix the matrix
Moreover, we can represent an element of C 1 as the column of the n × n matrix S + · T , where T is the matrix Proof. -Let f = x 1 · · · x n be a defining equation for D. We can take as Saito matrix
Moreover, we can represent an element of C 1 as columns of the n×n matrix S + · T , where T is the matrix 
. . .
. . , n if and only if A i,j = 0 if and only if
T =      g 1,1 −x 2 ∂g 1,1 /∂x 2 · · · −x n ∂g 1,1 /∂x n −x 1 ∂g 2,2 /∂x 1 g 2,2 · · · −x n ∂g 2,2 /∂x n . . . . . . . . . −x 1 ∂g n,n /∂x 1 −x 2 ∂g n,n /∂x 2 · · · g n,n      .
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To show that this element is zero in cohomology, it is enough to find σ
then it is the element we are looking for. 
To find an infinitesimal admissible deformation for (D, 0) we have to find a non zero element α ∈ H 1 (C
. Let α be defined by the columns of the following matrix
this is an element of
This infinitesimal admissible deformation is non-trivial because it is a non-trivial deformation of f as a germ of function because x 2 y 2 − xy 3 is not in the Jacobian ideal of f , see [9] , Chapter II, 1.4.
Infinitesimal linearly admissible deformations
Theorem 3.34. -Let (D, 0) ⊂ (C n , 0) be a germ of a linear free divisor. Then the germ at the origin of the first cohomology sheaf of the complex
Proof. -This is a consequence of Theorem 3.27 and the second part of Theorem 3.23. Proof. -This is a consequence of the previous Theorem and of the fact that the cohomology of a finite dimensional Lie algebra is finite dimensional. Proof. -This is a consequence of Theorem 2.11 from [15] , Theorem 3.6 and the previous Corollary. In what follows, we will refer both to the homomorphism and to the vector space M as representations of g. We collect now some results from [7] , [11] and [20] about Lie algebras and Lie algebra cohomology, that will allow us to compute LFT 1 (D) more easily in the case of germs of reductive linear free divisors. We will use the following celebrated theorem of Hochschild and Serre In order to apply the previous theorem, we need the following: Proof. -Let f be a defining equation for (D, 0). Because f is weighted homogeneous, then there exists χ ∈ Der(− log D) such that χ(f ) = f .
Consider (X, x) an infinitesimal admissible deformation of (D, 0). By Remark 3.17, we can suppose it is defined by the equation f + · f , where f ∈ O C n ,0 . Suppose that f is weighted homogeneous of degree β. Because (X, x) is admissible, it means that χ lifts and so there exists χ ∈ Der C n such that (χ+ ·χ )(f + ·f ) = (1+ ·α)(f + ·f ) and so χ (f )+χ(f ) = αf +f , for some α ∈ O C n ,0 . Because f is weighted homogeneous of degree β, then χ(f ) = βf . Hence, the previous expression becomes (χ − α)f = (1 − β)f . However, (χ − α)f lies in the Tyurina ideal of f which is equal to the Jacobian ideal of D due to the quasi-homogeneity of f and so (1 − β)f is in the Jacobian ideal of D. If f is in the Jacobian ideal, then the admissible deformation is trivial, by [9] , Chapter II, 1.4, otherwise β = 1 and so f is of weighted degree k.
If f is not weighted homogeneous, we can apply the previous argument to each of its weighted homogeneous parts. Proof. -This is because we have a good C * -action.
Corollary 3.49. -Let (D, 0) ⊂ (C n , 0) be a germ of a free divisor defined by a weighted homogeneous polynomial of degree k with non-zero weights (a 1 , . . . , a n ). Then
where J(D) is the Jacobian ideal of D.
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Proof. -It is a consequence of Lemma 3.48, Proposition 3.47 and that J(D) defines only trivial deformations. Proof. -By Corollary 3.49, condition (H3) from [15] is satisfied. Then the result follows from Theorem 3.6 and Theorem 2.11 from [15] .
Because each germ of a linear free divisor (D, 0) ⊂ (C n , 0) is defined by a homogeneous equation of degree n, we have the following:
By Corollary 2.4, every reduced curve is a free divisor. Then:
be a reduced curve germ defined by a weighted homogeneous polynomial of degree k. Then
Proof. -Let f be a defining equation for (D, 0). Because f is weighted homogeneous, then there exists χ ∈ Der C n such that χ(f ) = f . Let δ = ∂f /∂x∂/∂y − ∂f /∂y∂/∂x. Because D has an isolated singularity, then δ, χ form a basis of Der(− log D).
By Proposition 3.47, we know that if (X, x) is an infinitesimal admissible deformation of (D, 0) defined by
On the other hand, let f ∈ C[x, y] k , then consider (X, 0) defined by f + · f = F , then it is an infinitesimal admissible deformation because both δ and χ lift. In fact, we can consider δ = ∂F/∂x∂/∂y − ∂F/∂y∂/∂x and χ as elements of Der(− log X/T ).
We have to go modulo J(D) ∩ C[x, y] k to avoid trivial admissible deformations.
Remark 3.53. -The previous Theorem is false in higher dimension.
It is weighted homogeneous of degree 12 with weights (2, 3, 4) and it defines a germ of a free divisor ( 
We conclude by Theorem 3.52. 
Proof. -Let f be a defining equation for (D, 0) weighted homogeneous of degree k and let (X, x) be an infinitesimal admissible deformation of (D, 0). By Proposition 3.47, we can suppose (X, x) has defining equation f + · f , with f weighted homogeneous of degree k.
Because Der(− log D) is a graded module, we can consider δ 1 , . . . , δ n ∈ Der(− log D) a weighted homogeneous basis. By Proposition 3.20, Der(log X/T ) is generated by δ 1 + ·δ 1 , . . . , δ n + ·δ n such that the determinant of their coefficients is f + · f . Because f and f are both weighted homogeneous of the same degree, then eachδ i is weighted homogeneous of the same degree as δ i , for all i = 1, . . . , n.
As seen in the proof of Theorem 3.27, there exists ψ ∈ C 1 such that ψ(δ i ) =δ i . So by the previous argument ψ is a weight-preserving map and so represents an element of (
Corollary 3.59. -Let (D, 0) ⊂ (C n , 0) be a germ of a reductive linear free divisor. Then it is formally rigid also as free divisor.
Proof. -This is a consequence of Theorem 3.44 and Corollary 3.58.
Properties of the cohomology

Constructibility of the cohomology
As we have seen in the previous section, the cohomology of the complex C
• plays an important role in the theory of admissible deformations for a germ of a free divisor. From Schlessinger's Theorem 2.11 from [15] , we know that the main point in proving the existence of a hull is the finiteness of this cohomology. The following subsection is devoted to study this problem.
Definition 4.1. -Let X be a n-dimensional complex manifold. We denote by D X the sheaf of differential operators on X and by Gr F • (D X ) the sheaf on T * X of graded rings associated with the filtration F • by the order of σ(P ) the principal symbol of a differential operator P . 
for all k ∈ Z, where I j = O C n when j is negative. Similarly, we define
where f is a local equation for D at x. If there is no confusion, we denote
Proof. -The first equality comes directly from the definitions. The second one is a consequence of the fact that for any h ∈ O C n and m ∈ M, where d is the exterior derivative over O C n . For any q ∈ N we will denote
Definition 4.6. -Let M be a O C n -module with ∇ a logarithmic connection. We can define the following left O C n -linear morphism We now explain a condition that allows us to put a structure of V 0 (D C n )-module on Der(− log D) and Der C n .
Fix D ⊂ C n a free divisor and δ i = n j=1 a ij ∂/∂x j , i = 1, . . . , n a basis for Der(− log D), where a ij ∈ O C n for i, j = 1, . . . , n. We know that Der(− log D) forms a Lie subalgebra of Der C n , hence we can write 
Lemma 4.12. -For i, j = 1, . . . , n we have that
Proof. -We first notice that by definition c i jk = −∂(a ik )/∂x j . The first equality is an equality between matrices, hence we can check it entry by entry. Let 1 l, r 0. We now check the entry (l, r). In this case the expression becomes
Consider now the Jacobi identity
The coefficient of ∂/∂x r of the previous expression is
Hence, the first equality is satisfied if and only if
Proof. -To define a structure of left V 0 (D C n )-module on Der C n , we define the action of δ i on any derivation ∂ by
The structure just introduced is a V 0 (D C n )-module structure if and only if
An easy computation shows us that this is true if and only if
hence we can conclude by Lemma 4.12.
Remark 4.14. -Notice that the action on Der C n of any logarithmic derivation δ = n k=1 β k δ k is given by
Proof. -This is similar to the proof of Lemma 4.12.
Proposition 4.16. -We can define a structure of left
Proof. -As the proof of Proposition 4.13. 
By [5] , Proposition 1.2.3, the above complex is holonomic in each degree and we deduce that RHom
) is constructible. By Theorem 4.20 and by noticing that the isomorphism of [5] , Corollary 3.1.5, is true for any V 0 (D C n )-module, we have the following isomorphisms
and hence, we can conclude. The author is not aware if there exists a subclass of the Koszul free divisor that fulfil the assumptions of Theorem 4.23. However, we know that not all Koszul free divisor satisfies them. A direct computation shows that the last Koszul free divisor described in Example 4.22 does not fulfil them.
Moreover, the author thinks that the approach used to put a logarithmic connection on Der C n and Der(− log D) is a particular case of the notion of integrability up to homotopy, see [1] .
ANNALES DE L'INSTITUT FOURIER
Propagation of Deformations
In this final subsection, we prove a result which highlights the difference between the theory of admissible deformations and the classical deformation theory of singularities.
We 
